Math 1060 — 3.5 Notes
Double-Angle and Half-Angle Identities

Using the sum identities from the last section, we can derive more formulas called the double-angle
identities:
sin(2x) =sin(X+ X) =sin xcos X+ cos xsin X = 2sin X cos X

cos(2x) =cos( X+ X)=C0SXCOS X —Sin Xsin x = cos? X —sin® x

cos(2x) = cos® x —sin® x = (1—sin2x)—sin2x=1—25in2x

)=
cos(2x) = cos® x—sin® x = cos* X — (1—cos2 X)ZZCOSZX—l
n(x+

tan (2x) = ta X)= tanx+tanx  2tanx
1-tanxtanx 1—tan®x

Example: Find sin%{, cosz?ﬂ, and tanz?” using double-angle identities.

Example: Use the double angle identities to verify that cos(3x)=cos® x—3cosxsin® x is an identity.

We can use the double-angle identities to derive identities for sin(x/2), cos(x/2), and tan(x/2).We call these
the half-angle identities.

To get identities for cos(x/2) and sin(x/2), we solve two of the equations for cos(2x)for sinx and cosx.

2c0s’ x—1=cos(2x) 1-2sin’ x = cos(2x)

, . 1+cos(2x)

COS* X = —2sin® x=cos(2x)-1

2
cosx 4 1+cos(2x) Sinzle—cos(Zx)
2 2
sinx=+ —1_C0;(2X)

Since these equations work for any value of x, they also work if we replace x by (x/2) :

X 1+cosx . X 1-cosx
sSih—=1

2 2 2




We can then use these formulas to derive formulas for tan %:

X 1-cosx X sin x X 1-cosX
tan—=+ tan—= tan — = —
2 1+cosx 2 1+cosx 2 sin X

Examples: Use the half-angle identities to find the exact values of sin%, cos%, and tan%.

. X\ sin®x . .
Example: Prove that sin® jSos2 (—J _3 g isan identity.

2

Example: Find sine, cosa, and tana if cos(2a)=-1/3 and 7 <2a <37/2.

Example: Find sina, cose, and tan« if sin(a/2)=4/5 and 7/4<a/2<x/2.



